Proving and Computing: a Certified Version of the Buchberger's Algorithm by Théry, Laurent
HAL Id: inria-00073414
https://hal.inria.fr/inria-00073414
Submitted on 24 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Proving and Computing: a Certified Version of the
Buchberger’s Algorithm
Laurent Théry
To cite this version:
Laurent Théry. Proving and Computing: a Certified Version of the Buchberger’s Algorithm. RR-









ap por t  
de  r ech er ch e 
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE








	! "#%$ "&' "()*+	&',
































Unité de recherche INRIA Sophia Antipolis
2004 route des Lucioles, BP 93, 06902 SOPHIA ANTIPOLIS Cedex (France)
Téléphone : 04 93 65 77 77 – international : +33 4 93 65 77 77 – Fax : 04 93 65 77 65 – international : +33 4 93 65 77 65
  '  ! 9
!;9 9J ;	 ' "()
	&! "#%$" ; 
9a5l9*'%-;  /.01-324 "' "
 	







































































Qjjshib:N¢eaj doJcsNiQJ< S:?"efY{| xdclcsRLqK< S>?±cs^
Q^Dj7c\[kZ_YJcR
































































































































RLY |}RLjsZ[`JYPRL| "Z[csN cNPR4Zg|}RBe¤csNiefcz?R
^azi\[R!^ahi\_| \_Z SJRcs^ qsRBeajs^aY

















































































  - .0-32£ ")' "657( 9*'%-;
M6NiRv !hib:Nmn{RLqs`JR








O YcsNPR ¦^a\_\[^"Z_YP` !R b*^JYijsZ_|}RLqhijshief\+z{^J\[kmYP^JQZ_ea\_j4^f|}Z_QR
YijsZ[^JY10 ^aRLq4efYeaqsnPZ[csq:efqk {R
\g|








^aQz?^JjsRL|^ae K3K 	" efY{|















Z[RLYDcf[ S}¡PeaYi|csNPR]Q^aYi^aQZ_ea\g[ ]`_a¡}"NPZ[\_R~csNiR]\_eJj7c6csRLqsQ Z_j
hji c+hk
 
	 	! "$#&%'$( *)+ %'	,&.- 
b
^aQz?^JjsRL|;^fcsNPR+b*^mR*¨b*Z_R













qQj"ZcNcsNPRjefQR"Q^aYP^JQZ_ea\  [P^aqR*PefQzP\_Ra±aeJ|P|}Z_YP`~csNiR6c7¥^~z?^a\_kDYi^aQZ_ea\_j [5D^]`_c4 a;b,]d+8 GP¡
















N*, $(+*/(  &)  g
ydY 7. UXW^aRLq¥Q^JYP^aQZgef\gj6Z_j"enPZ_YieaqskqR
\gecZ[^JYcNiecZgj
csq:efYijsZ[csZ_aRA\   _ M O   U W     U W _! #" $  U W _
Z[qqR&%iR
mZ_aR.\'  M O )(*  U W  
ydY^aq:|}R
q  UW^aRLq6Q3^JYP^aQZgef\gj6Z_j ;;)+ Z[
$ + M O ,$  U W - .    U W  . $B/ - 
ydY^aq:|}RLq  UW^aR





4'5 6 87  M O  9";: 5 86 87&<$B/7&<=>  . ,7&<  U W87&<=>  
ydY^aq:|}R
q  UW^aRLq6Q3^JYP^aQZgef\gj6Z_j"jefZg|cs^n?R )A-8	 	&#+  Z
csNPR]YmhP\_\#Q^aYi^aQZ_ea\FZ_j6QZ_YPZ_Qea\F¦^aq6cNPR]^aq:|}RLqK\>  MPO(*  UWe? UXW  
csNPR]^Jq|PR
q6Z_jdb*^aQziefcsZ_nP\_RX"Z[csNQ^aYi^aQZ_ea\FQhP\[csZ_zP\_Z_bLecZ[^JY \
?0@BA  MPOC  UW 0 " AD   UXWEAD 0
y j7c:efYi|Peaq|^Jq|}RLq]Z_j'csNPR + F.	%7)1"'	 ^aq:|}R
qBR iq:j7c3b:NP^m^JjsRefY efqnPZ[csq:efqk^aq:|}R
qZ_YP` HG ^JY
cNPReaqsZgefnP\_RLjqsRLzPqsRBjlRLYDcsZ_YP`3csNPR3|}Z[QRLYijlZ_^aYCb O HG b OI  J HG b  HG b  M6NPRLY#±?¥R|PR iYPRcsNPR\_R*}Zgb*^J`aq:efzPNPZgb^Jq|PR
q 1K eJj\
$L + M O $BJbM < bMON Jb M
WO  K bP < bP N Jb P
WO B/ 
Q "














PefQzP\_Ra±fcNPRdz?^a\_kmYP^aQZgef\ [5D^b ] 4 D^bc]>d+4FaP¡aZgjr^Jq|}RLqsRB|3"ZcNqsRBjlz?RLb*crcs^]cNPRd\_R*}Zgb*^J`aq:efzPNPZgb!^aq:|}R
q
"NiR







mZ_^ahijXz?^a\_kDYi^aQZ_ea\"Z[\_\1n{R"qZcscsRLY [5D^b  ] = D^bc] d  = aP¡[*O Y































   M O    Y S.TVU W
3= 6  =   B
  
   2   M O V  Y S.TVU WBJ=>6 " 




>  YgS.TVUXW B Q " 












     MPO2+3,/.40LUW,     Q " :  _  MNOC  B  _   
M6NiR
YcsNPR'|}Z_mZ_jsZ_^aY^aRLq¥Q^aYi^aQZ_ea\_j$< U WZgj|}RiYPRL|eJj\
L + M O 5+3,/.40 U W! - 9" B ,$ < U W !   
M6NiZ_j|}Z_mZ_jsZ_^aY b
efY n?R\[Z[ csRB| c^¤z{^J\[kmYP^JQ3Zgef\gjL±¥js^!R`aR
c3cNPR^aYiRjlcsRLz |PZ[mZgjlZ_^aYJ< 6£|}R {YPRL| eaj
¦^J\[\_^j\
     MPO2+-,/.10 UXW     9"7L + 2  + Y S.TVU W  BJ=>6 "
hji c+hk
 
	 	! "$#&%'$( *)+ %'	,&.- 
     =    < 6     =    B   8   < 6      <5UXW     
UXZ_aRLYejsR*cd^az?^a\_kmYP^aQZgef\gj R­±{ZcXZ_jdYP^ z{^DjsjsZ_nP\[R'cs^|}RiYPRcsNPR'qRL|Phib%cZ[^JYqsRL\_efcsZ_^aY  eajcsNPR
jsQef\_\[RBj7c"qR
\gecZ[^JYjshib:N;csNiefcK\
      YgS.TVUW  Q+S.TVUW-      "   =       =  
      MPO2+-,/.10 UW ,     9"
7     2      YZS.TVUW  BJ= 6 "
     =  !  " C   =    C   =   < 6      =  - 
Rb
efY4YP^|}R {YPRcNPR3qsR%iR*}Z_aR'cqeaYijsZcZ[JR+b*\_^JjshPqR'^fcsNPR3qsRL\_efcsZ_^aY   'M6NPRqR
\gecZ[^JY  =  Z_j
|PR iYPRB|eaj!csNiR'jlQef\_\_RLjlc6qR
\gecZ[^JYjshib:NcsNiefcK\
   YZS.TVUW-  =  
      _  YZS.TVUW      "    =   _ "    =   _
R'b
eaY;ea\_js^|}R iYiR~csNPR]zPqRL|PZ_bLecsR~^aZ_qsqRL|Phib*Z_nPZ_\[Z[c7k T
		 T R   eaj!¦^a\_\_^j\
T
		 T R     Q "   YgS.TVUXW')(*     
M6NiZ_j6\_RLeJ|Pj!cs^cNPR]qsRB|}hib*csZ_^aY  |PR iYPRB|eJj!¦^a\_\[^jK\






YijsZ_^aY#Q[P^Jq6R*PefQzP\_Ra±m!RdNie JR R &?3b  ]b,]  _  BJb  ]  _ 1£R|PR iYPR~cNPR~¦hPYib*csZ_^aY    R ]eaj!¦^J\[\_^j
   YZS.TVUW    R ]>=  B =
   Y S.TVU W    R ]3=   B =
   M O >  Y S.TVU W  ! R ] '=>6J  =   B    R ]>  
   MPO '  YZS.TVUW  ! R ]3= 6   = '   B  ! R ] '  
      MPO7     2     YZS.TVUW  B      =      B     =       B = 6    BH= 6  9"
 ! R ]'   B ? 6 < 6    #"%$& ,     <5UXW      8 ? 6 < 6    '"%$& ,     <5UW     
cdcfeQgKhijk
C   9
O YcNPR\_eJj7c'bLeajsRa±FcNPRz{^J\[kmYP^JQZ_ea\ R   ,     qR
ziqsRBjlRLYJc:jvcsNPRjsQef\_\[RBj7c'z?^a\_kmYP^aQZgef\csNiefcb
eaYn?R'|}Z_mZ_|}RB|;nDkn{^acsNz{^J\[kmYP^JQZ_ea\_j efY{|  \
R   ,R? CD     6   B18? 6 < 6     "%$& ,     <5UW     
R   ,R? D        B 8? 6 < 6     "%$& ,     <5UW     
M6NiRv¦hiYib%cZ[^JY 1+ 9 b*^JqsqRLjsz{^JYi|Pj¥cs^3cNPR
Z_q|}Z W?RLqsRLYib*R.\  ! R ] '   B  8L
	   (+
y z?^a\_kmYP^aQZgef\ 	.)+ Z_j"ejsR*c^a)z?^a\_kDYi^aQZ_ea\_j
csNiefc6ZgjjlceanP\[R~hPY{|}R
q
ea|P|PZcZ[^JY \9>  




   Q+S.TVUW!)   
?
UXZ_aRLYejsR*c!^f z?^a\_kmYP^aQZgef\gj  ±DcNPRvZg|}RBef\   %.37)4a#9  ZgjrcNPR~jlR
c¥^f)z{^J\[kmYP^JQ3Zgef\gj jlh{b:NcNiec
: 5  B
M 7
 M   M jshib:NcsNiefcT  5  M  Q+S.TVUW}efYi|  M   
O·c]ZgjXRLeajskcs^b:NPRBbS;csNiefcXcNPZgj]jlR
c~Zgj~efYZ_|PRLef\*[Z_Yief\_\_ke;jsR*c~^f!z{^J\[kmYP^JQZ_ea\_j  Zgj]jefZg|cs^;n?Re#)	  ^f1efY;Z_|PRLef\
Z W   B
?












R'jse kcNiecdejsR*c^a)z?^a\_kDYi^aQZ_ea\_j  Zgje%$  &.#3*#7)	  Z W
















































	 	! "$#&%'$( *)+ %'	,&.- 
  ! R ] 0H> 0   + -  B 0  ±
  ! R ] 0H> 0   + / 0  -  B +  ! R ]'   /  ! R ] 0H> 0  0   -·
M6NiZ_jd¦hPYib*csZ_^aY£jsZ_Q3zi\[keJ|P|Pjdcs^cNPR iqjlcv\_Zgj7cXcsNPRjsz{^J\[kmYP^JQ3Zgef\gj"¦^JqsQRB|nmkcNPR3z{^J\[kmYP^JQ3Zgef\efY{|
RBeab:N;z{^J\[kmYP^JQZ_ea\?^a)cNPR'jsRLb*^JYi|\[Zgj7cB




+'+ -  B + -±
 "	 0
+'+  / 0 -  B  ! R ] 0 ' "	 0









@+ -  B + -±
	
  BJ= " 
# + / 01-  B + 
'   / 
 	0  -·
	
  BJ= " 






eaqsniZcqeaqskX¦hPYib*csZ_^aY 7 "& csN{ecceASaRLjeXz?^a\_kDYi^aQZ_ea\_jeaYi|b
^aQzPh}cRLj1efY3Z_qsqRL|}h{b*Z_nP\[R!z?^a\_kDYi^aQZ_ea\_j
jshib:NcsNiefcK\
  YZS.TVUW3   
 + $ 









9 0   + -  B 0  ±
	

 + $ 
	0 -   BJ= "
 $ 
	0   +  / 0  -  B $ 
+ 

 + $  
9	0     / 0  -     R ] 0H
 
 + $ 
> 0      0  0    
	

 + $ 
	0     BJ= "  $ 
	0   + / 0  -  B $ 
> 0   0   
O·)csNPR]bLefYi|}Zg|PefcsR~\[Zgjlc6Zgj!R




 1+ 9   efqR;eJ|P|}RB|¢c^£cNPRb*^JQ3zi\[R



















 ªm¯  ª 
 ! "  ;).#+ 
   YgS.TVUXW " ,(' )    B   $ 
> 
@ *  "	 0 
+' 





 ªm¯  ª 
 ! "2 "
   YZS.TVUW " ,(' )          
	

  T   "!
$#   =
M6NiRvcNPR





¤ 2  ;).#+ &
   YZS.TVUW " ,(' )  '  YZS.TVUW-  =   "     Q "    + 
%¥ª 
 
¤('   4)'#+I&
   Y S.TVU W " ,(' )    Y S.TVU W'     Q " 
    + 
%¥ª 
 
¤  1$+ 9  ;).#+ &
   YgS.TVUW " ,(' )  >  YgS.TVUXW>        + 9"  ! R ] '  @  
M6NiRcNPR





¤ 2*)Q-21,+ 	," 
   YgS.TVUW " ,(' )  > 	  YgS.TVUW 
%8   	 " : !L  Y S.TVU W  =      =    	 B  8L
%¥ª 
 
¤.-  + =0/ ,/  '1,2
   YZS.TVUW " ,(' ) '   YZS.TVUW -%8   =  = " : 	  YgS.TVUXW  =  	    =  	
%¥ª 
 
¤ 2&3]	 4+=	,  


























	 	! "$#&%'$( *)+ %'	,&.- J
£R~c:eSJR~eaY;eaqsniZcqeaqskRL\[RLQ3RLYDc ^a   efY{|6efYDc6cs^zPq^aRvcsNiefc   =P
 !k|}RiYPZ[csZ_^aY eB  M  7  M   M "Z[csN T  5' M  Q\S.TVUWeaYi| M  ¦^Jqjl^JQR5F
£R]ziqs^}b*RLRL|nmkZ[Y{|}hib%cZ[^JY^aY$5­
a[P^Jq 5%B =P±}!R~Nie aR  B =3js^3csNPR]ziqs^Jz{RLqlc7kNP^J\_|ij

 RmhPzPz?^JjsR~csN{ec"csNiR]zPqs^Jz{RLqlc7kNi^a\g|Pj!¦^aq R  5­
 !k|}RiYPZ_YP` 7B   M 7 I   M   M ±}!R]`aR
c    =3nmkZ_Yi|}hib*csZ_^aYNmkDz?^fcNPRLjsZgj

£R]N{e aR %8)B  7 7m±P"Z[csN 7   QO·c"Z_Q3zi\[Z_RLj6cNiec %8   =  =P
 !k efzPzi\[kmZ_YP`4cNPR;csNPRL^aqR
Q -  + = / ,/  '1 ±¥!R|}RL|}h{b*R;csNiefccsNPRLqsRR*}Zgj7c:jefY	£jshib:N cNiec
 
=
 	efYi|  
=
 	D
£R SDYi^cNiec'cNPRqRL|}h{b%csZ_^aY¤Zgj'b*^JY%ihPRLYDc+efYi|£cNiec;qRL|}h{b*RLj]cs^ NPJO·c'Z_Q3zi\[Z_RLj'csNiefc 	
qsRB|}hib
RLj!cs^ =iMRm^¥R~`aR












 '       R ]>    =  9"   $ -   )






   Q+S.TVUW  YZS.TVUW,=  6   = 
       2  MPO'  YgS.TVUW   6) "     =   6)    = 











 "   
   Q S.TVU W   Y S.TVU W   6   = 
%¥ª 
 
¤ 2    
   YZS.TVUW " ,(' )& '   YZS.TVUW-    "   6 
d^fcR1csNiefc cNPRrcNPR

















>     ! R ] '     =
u¥^aYijsZg|}R
qeaY;eaqsnPZ[csq:efqk #±PeaYi|;jlhPziz{^DjlR~cNiec
  Y S.TVU W   6  "  	-)A  Y S.TVU W   	     A  @" 	7B A  
£R~c:eSJRvc7!^efqnPZ[csq:efqk3qRL|Phib%cZ[^JYij6^f7 \7  	3eaYi|  AefYi|zPq^aRvcsNiefc 	)B AJ
O·Zgj6Z_qsqRL|}h{b*Z_nP\[RJ±mcsNPR]ziqs^Jz{RLqlc7kb
\[RBefq\[kNi^a\g|Pj 	)B eB AJ
xdcsNPRLqs"ZgjsRa±Pb*^JYijsZ_|}RLq   efY{|  jlhib:NcsN{ec       	3efYi|      AJ
 !RLb
eahijsR    6 eaYi|    6 #±iZ[cvZgjYi^ jsh}¨b*Z_R
YDcc^zPq^aR~csN{eccNPR
qR'R*}Zgj7c:je  _ jlh{b:NcsNiefc    _ eaYi|    _ c^`aR*c 	 B  _ B A'nDkZ[Yi|Phib%cZ[^JY;Nmkmz?^fcsNiRLjsZ_jL
£R|}^;eb
eJjlR3efYiea\[k}jsZ_jd^aYcNPR3YiechPqsR+^frcNPR3qsRB|}hib%cZ[^JYij   'eaYi|     ~M6NiR
qRefqRX¦^ahPq"z?^JjjlZ_nP\_R]b
eajsRLjK\
J R}hPzPz?^JjsR eB 5 =    2 =   B   eaYi|eB   =    2 =   B   
aR}Z[Yib
R   6 #±     ±{efYi|     ±}!R~`aR*c 
 + $  
      B 
 + $ 
     B 
 + $ 
'     nmkZ_Yi|}hib*csZ_^aYNmkmz{^acsNPRBjlZgj

 O·c"¦^J\[\_^j¥csNiefc    =    = 
 + $  
    efY{|   =    = 
 + $ 
     
 O·cZgj!csNiR
YjlhP¨b
Z[RLYDc"cs^3ceASaR  _ B 
 + $ 
>     = 
 + $  
      
SP R}hPzPz?^JjsR     < 63  B   eaYi|eB 5 =      =   B   
 !k |}R iYiZcZ[^JY ^a~csNPR^JYPRj7cR
z |}Z_mZ_jsZ[^JY#±!csNPRLqsRR
}Z_jlcje¤z?^a\_kmYP^aQZgef\  _ jlh{b:N cNiec < 6   B!8 _ 
aR}Z[Yib
R(    ±Dnmk3eazPzP\_kmZ[YP`~cNPRcNPR
^JqsRLQ  3Z	 4+ 	,"  ±fcNPR
qRR
mZgjlcje'z{^J\[kmYP^JQ3Zgef\ d jlh{b:NcNiec B!8 _  =   d efYi|   8  _  =   d 
 O·cZgj6RLeJjlkcs^b:NPRLbScsNiefc(  8  _ B   < 6 ±ijs^   =   d 
 O·cZgj!csNiR
YjlhP¨b
Z[RLYDc"cs^3ceASaR  _ B 
 + $ 
>   d  
i R}hPzPz?^JjsR eB   =     = B XeaYi|   < 6   B   
M6NiZ_j"bLeajsRXZgjt7hijlc"csNiR'jlkmQQR*csqZgbv^abLeajsR]SP±Pjl^3cNPR]zPq^az?R
qsc7kNP^a\g|PjL
>{ R}hPzPz?^JjsR     < 63  B   eaYi|    < 6  B   
  ± f±6eaYi|   efqRYP^aY HLR
q^z?^a\_kmYP^aQZgef\gj
±"js^  B    =   ± L B C)$  =   ±efY{|
  B     =    ¦^aq1js^aQR      2'±ajs^aQR      MPO­±aeaYi|js^aQR5         Y S.TVU W­
hji c+hk
 
	 	! "$#&%'$( *)+ %'	,&.- B
   eaYi|   |}Z_DZg|}R #±mjl^   eaYi|   |}Z_mZ_|PR Rv|PRL|}hib
RcNiec¥csNPRLqsRvR*}Z_jlcj _ jlh{b:NcNiecH B/ _  R   ,     
 vjlZ_YP`3csNiR'|}R iYiZcZ[^JY;^a)cNPR]^aYiR~jlcsRLz;|PZ[mZgjlZ_^aY#±i¥R~`aR
c6csNiefc




  8   B   _  ? 6 < 6     R   ,     <5UW       8? 6 < 6     R  ?     <VUW        
 !k|PR iYPZ[csZ_^aY^a)cNPR'jlz?^a\_kmYP^aQZgef\gj
±m!R~`aR*c  8   B   _!   "	      
 vjlZ_YP`+csNPR~QefZ_Y;NDkmz?^fcNPRLjsZ_jL±m¥R~Nie JR    R ]      =i±Pjl^3¥RX`aR
c +? 8 cD  =P
 !k¤efzPzi\[kmZ_YP`csNiRcsNPRL^aqR
Q  = M T 0  A =P±#cNPR
qRR
}Z_jlcj+ez{^J\[kmYP^JQZ_ea\  d jlhib:N¤cNiec  =   d eaYi|   =   d 
 O·cZgj!csNiR
YjlhP¨b
Z[RLYDc"cs^3ceASaR  _ B 
 + $ 
>   d! 





Q ! "2 " ±PZ[cZ_jjsh}¨b*Z_R
YDc6cs^jsNP^
 B  $ 
9 
#      "	 0 
+ 
  *   #" '      ! R ] '    =
M6NiZ_jzPqs^Jz{RLqlc7k£Z_jYP^fc+Z[QQRL|}ZgecRn?RLb







¤  1$+ 9  
  YgS.TVUW  ! R ] '  BJ=
%¥ª 
 
¤  1$+ 9  9- 

















































O Y4csNPZgj~jlRBb%csZ_^aY ±?!R {qjlcv`JZ[JRefY£^aR
qmZ[RL ^a1csNPRjskmjlcsRLQ u¥^moeaYi|jsNP^ NP^js^aQR^arcsNPR













q3csNieaY `aZ_DZ_YP`¤e¤b*^aQzP\_R*cRZ[YDcsq^}|}hib*csZ_^aY cs^ u¥^}o{±¥"NPZgb:N bLefY n{R¦^JhPYi| ¦^aqR*PeaQ3zi\[RZ_Y
























^acsNiR;ziqs^Jz{^DjlZ[csZ_^aY 2 " eaje4¦hPYib*csZ_^aY¢cNiecB±`JZ[JR





























































	 	! "$#&%'$( *)+ %'	,&.-  
"NiZ_b:N;zPqZ[YDcsRB|;Q3^JqsRXYPZgb*RL\[k`aZ_aRLjK\
 ªm¯  ª 
 + 	  *	,3 
 Y.2  







±#ef csRLqdcNPR3jsRLb*csZ_^aY#±  Zgjd^arc7kmz{R
     eaYi| 3 efYi| 
 b
eaYYP^ n?Rdz{efq:efQR*cR
qZ HLRL|+nDkefYeaqsnPZ[csq:efqk]c7kmz?R % JM6NPRLZ[q1c7kmz?RLj
eaqsRXqRLjsz{RBb%csZ_aRL\[k  2 2   '  2  efY{| \2 2   ,2    2     2  
O Y ^Jq|}RLq]cs^£|}R iYiRcsNPR¦hPYib*csZ_^aY 1$+ 9  76 ±1!ReajjlhiQ3R!RNie JRef\_qsRBea|}kec7kmz{R > cs^
qR
ziqsRBjlRLYJc6z?^a\_kDYi^aQZ_ea\_j"eaYi|;e¦hiYib%cZ[^JY ,> cs^b*^JQ3zih}csR'jsz{^J\[kmYP^JQZ_ea\_jK\
 !#"! # " >' 	
 !#"! # " E>' > 8:G><8:G>
R'b
eaYYi^ |}RiYPR~csNiRiqjlc6¦hPYib*csZ_^aY% 1$+ 9  Q\
 >EK> > ' >  "!$# % 'FOG>	J&' F R>	J '21




 >4FS,>R>*(J F >	G> $! % J	J
*
O Y u¥^}o R
JR
qk¢¦hPYib*csZ_^aY Q+hijlccsRLqsQZ_YiecRaM6NPR4csR
































 >EK>	 " *2'FOE >J& ' FOR>J '21
? !  B'
31:6FI + J
5 F 
 > J&1: F >G> F >		 " #*RJ J
*
O·cZgjYP^8z?^JjjlZ_nP\_R;cs^ |}^ jl^JQR;b
^aQzPh}c:ecsZ_^aY hijsZ[Yi`4cNPRjlk}jlcsRLQ; R|PR iYPR;cNPqsRLRefqnPZcqeaqsk
z?^a\_kmYP^aQZgef\gj6efYi|eaj7Scs^b
^aQzPh}cR~csNPR]eJjsjs^}b*ZgecsRB|\_Zgj7c"^f1jsz{^J\[kmYP^JQ3Zgef\gjK\
 !#"! # "  >-!$#7>%.#(>/ ' >
?  >	+	 F >	 " * F 
 + >0! F 
 + >%6FS








 >4FS,>R>0! >/J FS










 !#"! # "R" *#+
''FO# >J8:G>98:G>
 !#"! # "   " #' > 8: $ 	P




 >E $ +
,@'  > !  " 'FO&>J FOR>J& 'RFO,R>J 'M1




 > % J&1:
' F    " #6FQ'4F " *#+
'K ! >3J	J	J #@
F $ +




 + FI'6F " *+
'K ! >3JJR !#J-#
F > FI' F " *#+






















qRdR*}Zgj7c:j¥efc!\_RLeJj7c!^aYPRvQ^aYP^JQ3Zgef\ M M csNiefc6|PZ[mZg|}RLj6efYi^fcsNiR














 !#"! # " #	 !  " '










 'E, $ +
,@'' FO,K>J FO,K>J8: FOR>J 
hji c+hk
 







efYcsNPRLYhijsRcNPRvceab*csZgb   !     " c^+zPq^mZ_|PRd|}Z_qsRBb%cs\_k
cNPR]"Z[csYPRBjsj!¦hPY{b%csZ_^aY\
   !     "  FOR>J: " 
 $ +
,@'.'	'B''	 !  "
 > !  " 'F  >J FO#>J&




 > % J&1:
' F    " #6FQ'4F " *#+
'K ! >3J	J	J #@
F $ +




 + FI' F " #*#+
' ! >J	JG !#J-#
F >	 FI'6F " *+
'K ! >3JJR%  !J	J	J
* 
LdR
qRXcsNPR~"Z[csYPRBjsj!¦hPY{b%csZ_^aYZgj!csNPRX¦hPY{b%csZ_^aY # " F 1£R]R
mzi\[Zgb*Z[cs\_k`aZ_aRvcsNiR]^aq:|}R




Y#±{¥R+efzPzP\_kcsNPRceab*csZgb  " 





/ ,+ $ 	 ! 
! 'RF >J  FO&>J
1	11	1	1	1	11	1	1	1	11	1	1	1#1	11	1#1	1	1#1	11	1#1
F 		C'+	*	* F R>	J  F  >J&#	 !  " J
,+ $ 	 !  %9# '
FO	 !  " F  !$# J<FO !$# F 
 > " !& J	JJ
,+ $ 	 !  /9# '
FO	 !  "
FF 
 >6FI' F " #*#+
' ! " !#J	JG !#J-#
F >	 FI'6F " *#+
'K ! " !#J	JGB !#J	J9F  !$#F 





















ea\[\^a~csNPR 	 zieaqlcB M6NiRz{^J\[kmYP^JQZ_ea\_j[ FI' F " #*#+
' !





Q^JYP^aQZgef\gj¥^a)cNPR]z?^a\_kDYi^aQZ_ea\_j!Z_Y  ! jlZ_Yib*R~Z[cZ_jZ[qqsRB|}hib










^aQzPh}c:ecsZ_^aY "Z[csN¤¦hiYib%cZ[^JYij+|PR iYPRB|¤"ZcN efY¢eaql
niZcqeaqsk^Jq|}RLqL+M6NPRhijlh{ef\csRBb:NPYPZgoDhPR3cs^^aRLqb










,@' FFOR>J FO,K>J	J8: F >J8: " >0'21
 	+
,@	  ' F $! 'FO,&>J	JNF +
,@ F $!$#FI3G>J	J "!#J
5  	+
,@	0! '
F ! ' >J<F  #/$!$# %T'GF >J	J
F    " 6FI'6F " *+




 >	 FI'6F " *+
'R"! ! JJ&"!#J-#
F >	 FI'6F " #*#+




 > ! % J	J J
5  	+
,@	% '
F ! ' >J<F  #/$!$# %T'FO,G>J	J
F    " #6FQ'4F " *#+
'R$! ! J	JJ&1; " + 8:6F +
,@6F "!$#H% J  J;8:
F 	+
,@6FH$!$#F 
 > ! % J	J J 
R}RLb*^JYi|F±}!R]|}R iYiR~csNPR~¦hPY{b%csZ_^aY $ +
,@ "ZcNe3qR iYiRL|c7kmz{R.\
 'E, $ +
,@''
FI> !  " 'F  >J FO#>JJ8: ('FO#G>J 5 F 	+
,@R> !  " (J  
M6NiR+\geajlcvc7kmz?R3jsNP^JhP\_|4n{R3qRLea|£eajdcsNPRjsR*c~^fz?^a\_kmYP^aQZgef\gj ( jshib:N4csNiefcL[  	+





q+zP\[h{jcNPRceab*csZgb  " 














E@  ±  	+
E@0! ±fefYi|  	+




 0  0  2C     '	"
 	 	0 L0 L  
































M6NPRvn{RLYPR ic¥^fFNie mZ_YP`'|}RiYPRL|3cNPRvea\[`J^aqZcNPQZ_Yu¥^}oZgj1cNiec!Zc!Z_jYP^ z{^DjsjsZ[ni\[R"c^jlcecRdefY{|
ziqs^JRzPq^az?R

















































































> " * " |}RiYPRLjcsNiRYP^fcZ[^JYijr^aFz{^J\[kmYP^JQ3Zgef\gjeJjr\_Z_jlcj^f­csRLqsQj¥efYi|^aF^aq:|}R
qRL|3z?^a\_kDYi^aQZ_ea\_j
hijsZ[YP`XefYeaqsniZcqeaqskX^aq:|}R
































YDc Zgj csNPR¥Z[YijlceaYDcsZgecsZ_^aY BO·c)Zgjb*^aQz?^JjsRL|~nmkvcsNPqR
R¥Q3^}|}hi\[RBj

M6NPRQ^}|}hP\_R    !  |}RiYPRBj1Q^aYP^JQ3Zgef\gjL)M6NPRQ^}|}hP\_R > !  " |}R {YPRLjcR
qQjeajz{efZ_qj1^a
b*^mR*¨b




@^}|}hi\[R #Z_YPRLj dRiYPZ[csZ_^aYij M6NPR
^JqsRLQj #RLQ3QeJj wefcsZ_^
> " *	 " Df C KC B C
( Df C   C KN
,> + aSV  D  KV
  +   C	  SANP  L S 
  E+ ANAN > Sa S KV
 ;)+  S}K>D SAV a6V SC BS
,>  D	+ .CAN S L N KC
 " *+
 >Da 6V >  S>
*'C,> aBJ 6N >D  L
   	+
E@ >ma B SV N a
 	+
,@ LJ>   VAC N KV
 ;)+  >m>J AV LDS BS KC
    !  >'NAC  S KC > BS
> !  " NP J fS N C
E !  A>J 6C a N JS
 ;)+ _ SNDaS >{ KNi > >



























































































\_^ !R'qRLbLef\_\#csNiR'csNiqsRLR'Q^JjlcvZ_Q3z?^aqsceaYDcd^aYPRBj"cNiecv|PRLef\"Z[csN -K + )	,
9 ±
  ")+ 	,
































































































B 6 L    B 6   " '4  B 6 4  
































































eJjn{RLZ[Yi` > 'M "  5 F >	>3J  ±Z  RacNPR"\[Zgjlcj1^aicsRLqsQjrjshib:N+csNiefc1csNPRd\[Zgj7c:j1efqR6^aq:|}R
qRL|F
O Yu¥^}o?±JcsNPRvQ3RLQn?R



























































q5T !  $  
  *    ' U*QO Yij7c:efYDcsZgecZ[Yi`cNPR]Z[QzP\_R
QRLYJc:ecZ[^JY`JZ[JRLj!hij >3¦hPY{b%csZ_^aY{j\
a 	 ' E<8:G> b*qRLecRLj¥csNiR]`aR
YiR
q:ecs^JqjL±DZ  Ra F 	  J&1 ! ±FL

± F(	 J&1 ' ±
F 	 JG1 ! 
S} 	
 ! T'E	 8:&>	<8:R> Qhi\cZ[zP\_Z_RLj6cNPR]z{^J\[kmYP^JQZ_ea\FnDkefY;Z[YDcsRL`aRLq
P > + ' >	<8:R><8:G> ea|P|Pj"c7¥^3z{^J\[kmYP^JQZ_ea\_j
>i  +' >	<8:R><8:G> QhP\[csZ[cszP\_Z_RLj"c7!^3z{^J\[kmYP^JQ3Zgef\gj
} $ +



















	  ! 1 	 .
- !  ! ' >B1 !
	  $ 1 	 !$
hji c+hk
 
	 	! "$#&%'$( *)+ %'	,&.- Sa






	 K>0! 1 	.




	  " ;1 FI> + ! FI> + $ 
	J	J-
- !  " .' >	;1 !#$ 

	  " ! 1 FI> + F  +  !R$ J FI> + F  +  $ 
J F  +  
 ! J	J	J0
- !  " ! ' >	;1 !$! 
 #$ 

	  " %;1 FI> + F  +  ! F  +  $ 
J	J F 
 !  FD8!#J >0!#J	J-





,@'  " %  " !$ " & 









  % 8! 
$ % #$ 
  
  % 

  / 8! &
d^ ¦^Jq"Y  >i±}!R~Nie aR>z{^J\[kmYP^JQ3Zgef\gjK\
	 B*;1 	 /.
- ! R* ' >B1;*
	  " ;1 FI> + ! FI> + $ FQ> +K
G*J	J	J-
- !  " .' >	;1 !#$ 
  *
	  " ! 1 FI> + F  +  !R$ J
FQ> + F  + $ 
	J FI>+ F  +  
R*J F  +K* ! J	J	J	J-
- !  " ! ' >	;1 !$! * #$ 
  
*
	 # " %1 FQ> + F  +  ! F  +  $ 
J	J FI> + F  +  $ F  +  
R*JJ
FI> + F  +  
 F  + K* ! J	J
F  + ;* F  +  !R$ J	JJ	J	J-
- !  " %.' >	;1 !$ 
 	!$ * ! 
* #$ 
*
	 # " /1 FQ> + F  +  ! F  +  $ F  + <
G*J	JJ FS	
 !  FD8!#J >-!#J	J-






,@'  " /  " %. " !$ " &.
8 ' > #;1  !$ 
* 8! 
!$ 









  * 
8 $ %* 8 % $ *  % 8*  / 
$ %  % $ *  *  % 
$ 
*  % 8 $ *  /  
  %*  %  
*  / 8*   8! 
$ 
B8 $ *  
  %*    
*<8 %*  % 
8 $ *  #$ 8*    * 

  /*  /  
  %*   8
*<8*  % 

  /*  %  
  %*  /B8
B8* 

  %*   8#

























N{e aR|PRLjb*qZ[n?RL| jl^JQR^acsNPRzPq^ani\[RLQj3!RN{e aR;R
Yib








































































	 	! "$#&%'$( *)+ %'	,&.- SJ
c^ H
RLqs^{J_raR
Y Z_Y¤csN{ec+bLeajsRa±)csNPRea\[`J^aqZcNPQ bLefY¢jlcsZ_\[\¥n{RLNie aR!R
\_\n?RLbLefhijsRcsNiR`aRLYPR
q:ecZ[^JY£^a































































PefQzP\_RD< >? Unih}cL± eJj eaq]eajv¥R8SmYP^]±­csNPRLqsR+NieajXn?R
RLY£YP^;b*^JYib*qR*cR3efclcsRLQz}cvc^;jsNP^cNiec
cNPR]zPq^az?^JjsRL|jl^J\[h}cZ[^JYij"efqRXzPqeJb%cZ_bLef\
   ", " 	! "(
<[? Xe aR 6e kJR








niqei~y)efZ_\_eanP\_R3efc @	> ':   ! @ 
	+ $  ! 2*+8
 $!  "  ! 
 ! +  !  @   ±}LJ>i
< S?]w^an?R
qscR­­ !^kaR







Z[csN x+rUXRB|P|}RLjL±refY{| U~eajlcs^JYbL'rUX^aYiYPR*cB 	,5+ )  ) & ;	)+
	, &K "


















qB± v^ahP`J\_eJj8XiML^!Ra±!M ^}|P|  X
~YP^anP\_^}bS­± def p) @R
Yi|P\[RLqL±
prqeAS eJjlNpefYieaYP`JeJ|}R
Y ±XJefQRBjM~'R}eajeSmZ±fefYi|8R}b*^aclc^[!ARmQZcN# -213+ -"
	,'% + )-)
	
0 	,&= '  :1 + 1p1qR
YDcsZgb*R]Lvef\_\ ±FBAC.VP
< V?eaYPY£u¥^Jjb*^kJ±iUXZ[\_\_RLj
]eaNPY#±ieaYi| efhiqsRLYJcM6NPWLqsk­^_1DcqeJb%cZ[YP`cR*mc¦q^aQ zPqs^m^a j
MO Y  91
  )-a#A)()M)+  +  8)3D	,&  1A13+ 	)




< :?~ Z_\_\[ZgefQ @ `[{efqQR




]eazPhPqB±PRL|PZc^aqB±    4- )43* "












^Jqs`JR  efn{efNPY#   + %'	,&.-*!D-213 4






76 "&	4    ^)D7- 1 7K	, % "6	42



























	  + !J	"




<_B?Xe mZ[RLq #RLqs^kJDxvn}t7RBb%csZ_aR6u!efQ\ Jy efZ_\gefnP\_R¥efc @> ' > ! +3 ! 
    "  !  ' " 








\uv dR5P1qZ t7RLqL±{RL|}Z[cs^JqjL  + 451)1
=   ;-)&  ^JqlcN};L^a\_\gefYi|F±FBaA>i
<_ :?)e "qsRLYib*Ruvapefhi\_js^aY#{u¥^JYijlcsqhib%cZ[YP`]w"RBb*hPq:jsZ[^JYxvz?R
q:ecs^JqjZ_Y*O YDchPZcZ[^JYPZgj7cZ_b"M¥kmz{R"M6NPRL^aqk?
  3)+    9-a#+ 	 )M- 1  ;)
	 ±?S"T >'U\ DSamJJ}± dRBb*R
Q+n{RLq]L.CAVP




QQePJy)efZ_\_eanP\_R¥ec '#> ' )    D "  !  ' " 	 ! '  " >#	 "     ±
Ba.VP
< SN?~prZ[^acsq whi|}YPZgbSmZ  yY ^aR
qmZ[RL ^a cNPR @=OFydw zPq^ft7R
cL O Y 1   91
)3  7K   77%A7)-Z  y efZ_\gefnP\_R ec '>  
  
,@ !    "  H Z_YcsNPR |}Z[qRLb*cs^Jqsk
>	+ $ 
	8 " > "     ! E ! *%> " 
L >  ±AXahPYPRLJJS}











	 	! "$#&%'$( *)+ %'	,&.- SD
< SaS?vec:efq:etlefYaRmN{efY$SefqB + ;)-)& -)





Y ^a\[¦qeaQ; + )& - )&	) f) 9:;-  A	, % -)& - )&	G#9 - 1  ; 
y"|i|}Z_js^aYPRLjs\[RLka±FBACACi
< S>A?)efqqsk¤^JjL   D   ;-)
	   ): 	,'%=   @F1$	,-";$(  ' ;:#76  0 	,  
4




Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - B.P. 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Lorraine : Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - B.P. 101 - 54602 Villers lès Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot St Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - B.P. 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, B.P. 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
